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Èñòîðè÷åñêèé îáçîð
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�àííèå òåîðåòè÷åñêèå ðàáîòû

Â.Ñ. Ìàøêåâè÷, Ê.Á. Òîëïûãî, ÆÝÒÔ 32, 520 (1957)

Ê.Á. Òîëïûãî, ÔÒÒ 4, 1765 (1962)

Ïåðâîå óêàçàíèå íà âîçìîæíóþ ñâÿçü ìåæäó ãðàäèåíòîì äå�îðìàöèè

è ïîëÿðèçàöèåé â àêóñòè÷åñêîé âîëíå äëÿ ñòðóêòóð òèïà àëìàçà.

Ø.Ì. Êîãàí, ÔÒÒ 5, 2829 (1963)

R.D. Mindlin, Int. J. Solids Strut. 4, 637 (1968)

Ïåðâûå ðàáîòû ïî �åíîìåíîëîãè÷åñêîé òåîðèè.
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P. Harris, J. Appl. Phys. 36, 739 (1965)

A. Askar, P.C. Lee, A.S. Cakmak, Phys. Rev. B 1, 3525 (1970)

Ìèêðîñêîïè÷åñêèå ðàñ÷åòû â ðàìêàõ äèíàìèêè ðåøåòêè.

Â.Ë. Èíäåíáîì, Å.Á. Ëîãèíîâ, Ì.À. Îñèïîâ, Êðèñòàëëîãðà�èÿ 26,

1157 (1981)

Ïåðâàÿ ïîïûòêà ðàññìîòðåòü êîíå÷íîå òåëî, ââåäåí òåðìèí "�ëåê-

ñîýëåêòðè÷åñòâî".

À.Ê. Òàãàíòöåâ, ÆÝÒÔ 88, 2108 (1985)

A.K. Tagantsev, Phys. Rev. B 34,5883 (1986)

À.Ê. Òàãàíöåâ, ÓÔÍ 152, 423 (1987)
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�àííèå ýêñïåðèìåíòàëüíûå ðàáîòû

È.Ñ. Æåëóäåâ, Czeh. J. Phys. Ser. B 16, 368 (1966)

Ý.Â. Áóðñèàí, Î.È. Çàéêîâñêèé, ÔÒÒ 10, 1121 (1968)

Ý.Â. Áóðñèàí, Î.È. Çàéêîâñêèé, Ê.Â. Ìàêàðîâ, Èçâ. ÀÍ ÑÑÑ� Ñåð. Ôèç.

33, 1098 (1969)

Ý.Â. Áóðñèàí, Í.Í. Òðóíîâ, ÔÒÒ 16, 1187 (1974)

J.D. Axe, J. Harada, G. Shirane, Phys. Rev. B 1,1221 (1970)
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�îñò ÷èñëà ïóáëèêàöèé â ïîñëåäíèå ãîäû

Èç P.V. Yudin, A.K. Tagantsev. Nanotehnology 24, 432001

(2013)

Ñì. Figure 1 â ñòàòüå

8

http://www.researchgate.net/publication/257300847_Fundamentals_of_flexoelectricity_in_solids/file/72e7e52b80d59eae67.pdf


Çàâèñèìîñòü ãðàäèåíòà îò ìàñøòàáà

Â íàíîìàñøòàáå �ëåêñîýëåêòðè÷åñêèé ý��åêò ñòàíîâèòñÿ

ñðàâíèìûì ñ ïüåçîý��åêòîì
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Âëèÿíèå èçãèáà íà ïîëÿðèçàöèþ íàíîêîíäåíñàòîðîâ

A. Gruverman et al, Appl. Phys. Lett. 83, 728 (2003)

Ñì. FIG.1 â ñòàòüå
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http://researchrepository.ucd.ie/bitstream/handle/10197/5371/Gruverman_et_al_Appl_Phys_Lett_2003_Mechanical_Stress.pdf?sequence=1


"Èñêóñòâåííûé ïüåçîýëåêòðèê"ïðåäëîæåííûé â ðàáîòå

J. Fousek, L.E. Cross, D.B. Litvin, Mater. Lett. 39, 287 (1999)

Ñì. Figure 1 â ñòàòüå
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http://sharma.me.uh.edu/wp-content/files/publications/MRS_2009.pdf


Âëèÿíèå �ëåêñîýëåêòðè÷åñòâà íà ñòðóêòóðó äîìåííîé ñòåíêè

â ñåãíåòîýëåêòðèêå

P.V. Yudin et al, Phys. Rev. B 86, 134102 (2012)

Ñì. Figure 5 è Figure 6 â ñòàòüå
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http://www.researchgate.net/publication/257300847_Fundamentals_of_flexoelectricity_in_solids/file/72e7e52b80d59eae67.pdf


Ïîñëåäíèå îáçîðû ïî ñåãíåòîýëåêòðè÷åñòâó

P. Zubko, G. Catalan, A.K. Tagantsev, Annu. Rev. Matter. Res. 43,

387 (2013)

P.V. Yudin, A.K. Tagantsev, Nanotehnology 24, 432001 (2013)

T.D. Nguyen et al, Adv. Matter. 25, 946 (2013)

13



Ôåíîìåíîëîãè÷åñêàÿ òåîðèÿ �ëåêñîýëåêòðè÷åñòâà
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Ïðîáëåìà.

Îçíà÷àåò ëè âñå ýòî, ÷òî ïðè ó÷åòå �ëåêñîý��åêòà îäíîðîäíàÿ ïîëÿ-

ðèçàöèÿ íå âûçûâàåò äå�îðìàöèè òåëà, êàê ñ÷èòàåòñÿ â ñëåäóþùèõ

ðàáîòàõ?

1. L.E. Cross, J.Mater. Si. 41, 53 (2006)

2. B.Chu, W.Zu, N.Li, L.E.Cross, J.Appl.Phys 106, 104109 (2009)

Âîçìîæåí ëè äàò÷èê ìåõàíè÷åñêèõ ïåðåìåùåíèé, íå ÿâëÿþùèéñÿ àê-

òóàòîðîì?
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Ïî÷åìó ýòî ïðîáëåìà?

1. Ñîãëàñíî îáùèì òåðìîäèíàìè÷åñêèì ñîîòíîøåíèÿìè Îíçàãåðà

ëþáàÿ ìàòðèöà îáîáùåííûõ âîñïðèèì÷èâîñòåé äîëæíà áûòü ñèì-

ìåòðè÷íà (ýðìèòîâà â íåñòàöèîíàðíîì ñëó÷àå � òðèâèàëüíîå ñëåä-

ñòâèå �îðìóëû Êóáî).

2. Åñëè âîçìîæåí äàò÷èê, íå ÿâëÿþùèéñÿ àêòóàòîðîì, òî âîçìîæåí

âå÷íûé äâèãàòåëü.

16



Êàê ñäåëàòü âå÷íûé äâèãàòåëü âòîðîãî

ðîäà, èìåÿ äàò÷èê, íå ÿâëÿþùèéñÿ

àêòóàòîðîì?
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Êàê ðàçðåøèòü ïàðàäîêñ?

1. A.K.Tagantsev, A.S.Yurkov, J. Appl. Phys. 112, 044103 (2012). Ïðÿ-

ìûå âàðèàöèîííûå âû÷èñëåíèÿ èçãèáà îäíîðîäíî ïîëÿðèçîâàííîé

ïëàñòèíêè.
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2. À.Ñ.Þðêîâ, Ïèñüìà â ÆÝÒÔ 94, 490 (2011)

Íåò óðàâíåíèé ðàâíîâåñèÿ:

�

ij

= 0

Åñòü òîëüêî äè��åðåíöèàëü-

íûå óðàâíåíèÿ ðàâíîâåñèÿ:

��

ij

�x

j

= 0

Äëÿ äè��åðåíöèàëüíûõ óðàâ-

íåíèé íóæíû ãðàíè÷íûå óñëî-

âèÿ.

Ïðè íàëè÷èè �ëåêñîý��åêòà

è íå íóëåâîé ïîëÿðèçàöèè íà

ïîâåðõíîñòè îáû÷íûå óïðóãèå

ãðàíè÷íûå óñëîâèÿ

�

ij

n

j

= 0

íå âåðíû. Â ìîäè�èöèðîâàí-

íûå �ëåêñîý��åêòîì óïðóãèå

ãðàíè÷íûå óñëîâèÿ âõîäèò ñàìà

ïîëÿðèçàöèÿ íà ïîâåðõíîñòè, à

íå òîëüêî åå ãðàäèåíò .
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Èç À.Ñ.Þðêîâ, Ïèñüìà â ÆÝÒÔ 94, 490 (2011)
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Êàê â ãðàíè÷íûõ óñëîâèÿõ ïðîÿâëÿåòñÿ íåîáõîäèìîñòü

âûñøåé óïðóãîñòè.

Ïóñòü z = �(x; y) � óðàâíåíèå

ïîâåðõíîñòè, êîîðäèíàòíóþ æå

ñåòêó íà ïîâåðõíîñòè îáðàçó-

åì ïóòåì ïðîåöèðîâàíèÿ âäîëü

îñè OZ äåêàðòîâîé êîîðäèíàò-

íîé ñåòêè íà ïëîñêîñòè OXY .

Ïðè ýòîì x

(1)

ýòî �àêòè÷åñêè

äåêàðòîâà êîîðäèíàòà x, à x

(2)
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ãäà

e
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;x

g ;

e
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;y
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Äëÿ òî÷êè ïîâåðõíîñòè, ãäå îñü
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äèíàò ïåðïåíäèêóëÿðíà ýòîé ïî-
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ìîì è v

ijkznz
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u
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Ôëåêñîýëåêòðè÷åñêàÿ äå�îðìàöèÿ øàðà â îäíîðîäíîì

âíåøíåì ïîëå

A.S. Yurkov. ArXiv:1304.1868 [ond-mat.mtrl-si℄ (2013)
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Êîâàðèàíòíûé �îðìàëèçì
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Ñ�åðè÷åñêàÿ êîîðäèíàòíàÿ ñèñòåìà
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= r

2

; g

rr

= 1 ;

�

 
 �

= �

 
� 

= tg � ; �

 
 r

= �

 
r 

= r

�1

;

�

�
  

= � sin � os � ; �

�
�r

= �

�
r�

= r

�1

;

�

r
  

= �r sin

2

� ; �

r
��

= �r :
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Óðàâíåíèÿ ðàâíîâåñèÿ ïîëÿðèçàöèè â îáúåìå:

a

��

P

�

� b

��Æ

P

;Æ;�

� E

�

� f

��Æ

u

;Æ;�

= 0 :

�ðàíè÷íûå óñëîâèÿ ê ýòèì óðàâíåíèÿì:

�

b

��Æ

P

;Æ

n

�

+

1
2

f

��Æ

u

;Æ

n

�

�

S

= 0 :

Óïðóãèå óðàâíåíèÿ ðàâíîâåñèÿ:

�

��

;�

= 0 ;

�

��

= 

��Æ

u

;Æ

+ f

Æ��

P

;Æ

� v

��Æ"�

u

;Æ;�;"

:
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�ðàíè÷íûå óñëîâèÿ ê óðàâíåíèÿì óïðóãîãî ðàâíîâåñèÿ â ñïåöèàëüíîé

ñèñòåìå êðèâîëèíåéíûõ êîîðäèíàò, â êîòîðûõ óðàâíåíèå ïîâåðõíîñòè

èìååò âèä x

3

= onst:

�

��

n

�

n



= 0 :

�

�

n



��

��

;�

n



+�

��

;Æ

n

Æ

n

�

n



��

��



�

= 0 :



�

= �

"
Æ

n

Æ

n

�

n

"

+�

"
�Æ

n

Æ

n

"

n



� �

Æ
�

n

Æ

:

Ìîæíî ïîêàçàòü, ÷òî òåíçîð 

�

ñèììåòðè÷åí è ñîâïàäàåò ñ ïðå-

îáðàçîâàíèåì ê êðèâîëèíåéíûì êîîðäèíàòàì àíàëîãè÷íîãî òåíçîðà,

âûâåäåííîãî â ïðåäûäóùåé ðàáîòå.
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Óðàâíåíèå Ïóàññîíà äëÿ ýëåêòðè÷åñêîãî ïîòåíöèàëà:

g

��

�

;�;�

= �4�� ;

� = �g

��

P

�;�

g

��

�

;�;�

= 4�g

��

P

�;�

:

�ðàíè÷íûå óñëîâèÿ ê ýòîìó óðàâíåíèþ îáû÷íûì îáðàçîì ñâÿçûâàþò

ñêà÷îê ïðîèçâîäíîé ïîòåíöèàëà ñ ïîëÿðèçàöèåé íà ïîâåðõíîñòè.
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Äëÿ ñ�åðû èç èçîòðîïíîãî ìàòåðèàëà ïåðåìåííûå ìîæíî ðàçäåëèòü

ïóòåì ðàçëîæåíèÿ ïî ñ�åðè÷åñêèì âåêòîðàì, êîòîðûå â êîâàðèàíò-

íîì �îðìàëèçìå èìåþò âèä:

Y

(1)

lmj�

= (Y

lm

)

;�

Y

(1)

lmj 

= imY

lm

Y

(2)

lmj�

=

�im

sin �

Y

lm

Y

(2)

lmj 

= sin �(Y

lm

)

;�

Y

(3)

lmj�

= Y

lm

Îñòàëüíûå êîìïîíåíòû íóëåâûå.
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Åñëè ýëåêòðè÷åñêîå ïîëå ïðè r ! 1 îäíîðîäíî è íàïðàâëåíî ïî

ïîëÿðíîé îñè, òî �âûæèâàþò� òîëüêî ñëàãàåìûå ñ l = 1, m = 0.

Y

10

� os � è òîãäà ìîæíî çàïèñàòü ïðîùå:

u

r

= f

1

(r) os �

u

�

= �rf

2

(r) sin �

P

r

= f

3

(r) os �

P

�

= �rf

4

(r) sin �

� = f

5

(r) os � :

Â èòîãå çàäà÷à ñâîäèòñÿ ê ñèñòåìå îáûêíîâåííûõ äè��åðåíöèàëü-

íûõ óðàâíåíèé. Ìíîæèòåëü r ââåäåí â �-êîìïîíåíòû äëÿ òîãî, ÷òîáû

ñîîòâåòñòâóþùèå �óíêöèè áûëè àíàëèòè÷íû â íóëå.
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Óïðîùåííûé âàðèàíò: îäíîðîäíî ïîëÿðèçîâàííûé øàð
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�ðàíè÷íûõ óñëîâèé ÷åòûðå:
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�ðàíè÷íûõ óñëîâèé íå äîñòàòî÷íî. Íî íåäîñòàþùèå óñëîâèÿ çàìåíÿ-

þòñÿ óñëîâèÿìè àíàëèòè÷íîñòè â íóëå. Â ñîîòâåòñòâèè ñ ýòèì ïðåä-

ñòàâëÿåì ðåøåíèå â âèäå ñòåïåííûõ ðÿäîâ:

f

i

(r) =

X

n

a

in

�

n

Ïîäñòàíîâêà â óðàâíåíèÿ äàåò:
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+
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=
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+
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:
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Ñèñòåìà óðàâíåíèé îïðåäåëÿåò íå âñå êîý��èöèåíòû. Íåîïðåäåëåí-

íîñòü äîëæíà óñòðàíÿòüñÿ ñ ïîìîùüþ ãðàíè÷íûõ óñëîâèé. Íî ìîæíî

ïîñòóïðèòü ïðîùå: îïðåäåëèòü íåçàâèñèìûé íàáîð ðåøåíèé äè��å-

ðåíöèàëüíûõ óðàâíåíèé B

ki

è ïðåäñòàâèòü ðåøåíèå â âèäå èõ ëèíåé-

íîé êîìáèíàöèè:

f

i

(�) =

X

k

C

k

B

ki

(�)

Ïðè ýòîì êîý��èöèåíòû îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé.

Åñëè èñêëþ÷èòü �èçè÷åñêè áåññîäåðæàòåëüíóþ òðàíñëÿöèþ øàðà ïî

îñè z, òî íåçàâèñèìûõ áàçèñíûõ �óíêöèé îêàçûâàåòñÿ êàê ðàç ÷åòû-

ðå, ïî ÷èñëó ãðàíè÷íûõ óñëîâèé, ïðè÷åì îäíà èç íèõ ìîæåò áûòü

âûáðàíà â âèäå îáðûâàþùåãîñÿ ðÿäà (íå ðàâíû íóëþ òîëüêî êâàäðà-

òè÷íûå ïî � ÷ëåíû).
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(40v
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+60v
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14

=

= (6

44

+4

12

)a

12

+ (2

44

� 2

12

)a

22

;

ëèíåéíûå è êóáè÷íûå ÷ëåíû íóëåâûå, äëÿ n = 5 è áîëüøå êîý��è-

öèåíòû âû÷èñëÿþòñÿ ïî îáùåìó àëãîðèòìó.
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êâàäðàòè÷íûå ÷ëåíû íóëåâûå, êóáè÷íûå âû÷èñëÿþòñÿ ïî îáùåìó àë-

ãîðèòìó, ÷ëåíû ÷åòâåðòîé ñòåïåíè íóëåâûå.
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a

14

= 1 ; a

24

=

2v

3

+3v

4

v

4

� 4v
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a

14

;

Ëèíåéíûå, êâàäðàòè÷íûå è êóáè÷íûå ÷ëåíû íóëåâûå, äëÿ n > 4 âû-

÷èñëåíèÿ ïî îáùåìó àëãîðèòìó.
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Ïðèáëèæåííûé ìåòîä îïèñàíèÿ �ëåêñîýëåêòðè÷åñêèõ

äå�îðìàöèé êîíå÷íûõ òåë

A.S. Yurkov, JETP Letters 99, 214 (2014).
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ïðè óñëîâèè, ÷òî ~u óäîâëåòâîðÿåò

êëàññè÷åñêîìó óðàâíåíèþ:
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Ïîäñòàíîâêà â ãðàíè÷íûå óñëîâèÿ äàåò:
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Â ãëàâíîì ïðèáëèæåíèè ïî ìàëîñòè âûñøèõ óïðóãèõ ìîäóëåé

äè��åðåíöèàëüíûå óðàâíåíèÿ íà íåêëàññè÷åñêóþ ÷àñòü óïðóãèõ

ñìåùåíèé ìîæíî óïðîñòèòü:



�33
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� v

�3333
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= 0 ;

�ðàíè÷íûå óñëîâèÿ òàêæå óïðîùàþòñÿ:

v

�3"333

^u
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=

1
2

f

Æ3�3

P

Æ

:

Äîïîëíèòåëüíî íóæíî íàëîæèòü óñëîâèÿ (ýêñïîíåíöèàëüíî)

áûñòðîãî çàòóõàíèÿ âäàëè îò ïîâåðõíîñòè. Òåì ñàìûì èç ^u

i

èñêëþ÷àåòñÿ êëàññè÷åñêàÿ ÷àñòü ñìåùåíèé.
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Ôóíäàìåíòàëüíûå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ:
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Òðåáîâàíèå çàòóõàíèÿ âäàëè îò ïîâåðõíîñòè èñêëþ÷àåò ñëó÷àé
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Îáùåå ðåøåíèå � ëèíåéíàÿ êîìáèíàöèÿ �óíäàìåíòàëüíûõ:
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Êîý��èöèåíòû îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé, ÷òî äàåò
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Ýêâèâàëåíòíàÿ ÑËÀÓ ñ ó÷åòîì óðàâíåíèÿ íà ñîáñòâåííûå çíà÷åíèÿ:
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Òàêèì îáðàçîì, íåêëàññè÷åñêàÿ ÷àñòü ñìåùåíèé ^u íàõîäèòñÿ ÿâíî

ïðîñòûì ðàñ÷åòîì, ïðè÷åì ïðè ýòîì èñïîëüçóåòñÿ ëèøü ïîëîâèíà

ãðàíè÷íûõ óñëîâèé. Îñòàåòñÿ ïîäñòàâèòü íàéäåííûå ^u â

îñòàâøèåñÿ ãðàíè÷íûå óñëîâèÿ, ýòî äàñò ãðàíè÷íûå óñëîâèÿ ê

êëàññè÷åñêèì óðàâíåíèÿì.

Îäíàêî âîçíèêàåò ñèíãóëÿðíîñòü: âîçíèêàþò ÷ëåíû, ðàñõîäÿùèåñÿ

ïðè v ! 0. Õîòÿ ýòè ÷ëåíû è ñîêðàùàþòñÿ, íåîáõîäèìî ó÷åñòü

ïîïðàâêè ê ýòèì ÷ëåíàì. Ìàëàÿ ïîïðàâêà, óìíîæåííàÿ íà áîëüøîé

êîý��èöèåíò íå îáÿçàòåëüíî ìàëà. Âû÷èñëåíèÿ óäàåòñÿ ïðîâåñòè

äî êîíöà â îáùåì âèäå.
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�ðàíè÷íûå óñëîâèÿ ê äè��åðåíöèàëüíûì óðàâíåíèÿì íà

êëàññè÷åñêóþ ÷àñòü ñìåùåíèé:
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Ïî �îðìå ýòî íè÷òî èíîå, êàê êëàññè÷åñêèå óïðóãèå ãðàíè÷íûå

óñëîâèÿ äëÿ òåëà, íà ïîâåðõíîñòü êîòîðîãî äåéñòâóþò âíåøíèå

ñèëû. Òàê ÷òî êëàññè÷åñêàÿ ÷àñòü çàäà÷è îêàçûâàåòñÿ ñîâåðøåííî

ñòàíäàðòíîé.
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Ñðàâíåíèå ñ òî÷íûì ðåøåíèåì äëÿ øàðà

À.Ñ. Þðêîâ. Â êí.: Ôèçèêà Äèýëåêòðèêîâ�2014. Ìàòåðèàëû

ìåæäóíàðîäíîé êîí�åðåíöèè. (2014)
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